A graph G is Ramsey for a graph H if every colouring of the edges of G in two colours contains a monochromatic copy of H. Two graphs H1 and H2 are Ramsey equivalent if any graph G is Ramsey for H1 if and only if it is Ramsey for H2. A graph parameter s is Ramsey distinguishing if s(H1) = s(H2) implies that H1 and H2 are not Ramsey equivalent. In this paper we show that the chromatic number is a Ramsey distinguishing parameter. We also extend this to the multi-colour case and use a similar idea to find another graph parameter which is Ramsey distinguishing.
Introduction
A graph G is Ramsey for a graph H if every colouring of the edges of G in two colours contains a monochromatic copy of H, and we denote this by G → H. We write G → H if G is not Ramsey for H, and we denote the set of graphs which are Ramsey for H by R(H). Two graphs H 1 and H 2 are Ramsey equivalent if R(H 1 ) = R(H 2 ). If H 1 and H 2 are Ramsey equivalent then we write H 1 ∼ H 2 , and we write H 1 ∼ H 2 if they are not. It is clear that Ramsey equivalence is an equivalence relation. The notion of Ramsey equivalence was first introduced by Szabó, Zumstein, and Zürcher in [11] .
One of the fundamental questions concerning Ramsey equivalence, first posed by Fox, Grinshpun, Liebenau, Person, and Szabó in [8] but also touched upon in [11] , is whether there exist two non-isomorphic connected graphs which are Ramsey equivalent. Indeed, the only non-isomorphic pairs of graphs known to be Ramsey equivalent are of the form (H 1 , H 2 ) where H 1 is a clique on n vertices and H 2 is a disjoint union of a clique on n vertices and some graph with clique number less than n (addressed in [3] , [8] , and [11] ).
One approach that can be used to investigate Ramsey non-equivalence is to consider graph parameters s for which s(H 1 ) = s(H 2 ) implies that H 1 and H 2 are not Ramsey equivalent. Such parameters are called Ramsey distinguishing. Previously, the only graph parameters known to be Ramsey distinguishing were the clique number ω and the odd girth g o . Indeed, in [9] Nešetřil and Rödl built on Folkman's work in [7] to show that for every graph H there exists a graph G with ω(G) = ω(H) such that G → H. Then similarly in [10] they showed that for every graph H there exists a graph G with g o (G) = g o (H) such that G → H.
In this paper we consider another graph parameter, the chromatic number, χ. This is defined as the minimum number of colours required in a proper vertex colouring of the graph, that is, in a colouring of the vertices of the graph in which no two adjacent vertices receive the same colour.
The smallest chromatic number of a graph in R(H), called the chromatic Ramsey number of H, was determined for all H by Burr, Erdős, and Lovász in [4] . It is not known whether there exists a pair of graphs with the same chromatic Ramsey number but different chromatic numbers, although it seems likely that such graphs do exist. Indeed, the chromatic Ramsey number of K 4 , the complete graph on four vertices, is 18 (since we can 2-edge-colour any 17-vertex-colourable graph without a monochromatic K 4 by naturally extending from such a colouring of K 17 ), but it was shown in [12] that there exists a graph of chromatic number five and chromatic Ramsey number 17. Regardless, this example illustrates that chromatic Ramsey number is not a useful tool for investigating Ramsey equivalence, unlike its clique and odd girth counterparts.
The Ramsey distinguishing properties of the chromatic number were investigated by Axenovich, Rollin, and Ueckerdt in [1] . They observe that if G and H are graphs with G bipartite and χ(H) > 2 then G ∼ H since any sufficiently large complete bipartite graph is Ramsey for G [2] but does not contain H, and hence chromatic number is distinguishing for bipartite graphs.
They go on to establish that if G and H are graphs with χ(G) < χ(H) and with G clique-splittable or odd-girth-splittable, meaning that the vertex set of G can be partitioned into two subsets each inducing a graph of smaller clique number than G or greater odd girth than G respectively, then G ∼ H. We note that the odd-girth-splittability result in particular implies that chromatic number is Ramsey distinguishing for graphs of chromatic number three and four since such graphs are odd-girth-splittable.
The main result of this paper is that the chromatic number is a Ramsey distinguishing parameter. Theorem 1. Let G and H be graphs with χ(G) < χ(H). Then there exists a graph F such that F → G and F → H.
In the next section we give some preliminary lemmas and then prove Theorem 1. In the final section we explain how to modify the proof of the theorem to extend to the case of q-edge-colourings for all integers q ≥ 2, and we use a similar proof to show that a related parameter (namely the minimum number of vertices which can be given colour 1 in a proper vertex colouring of G in colours 1, . . . , χ(G)) is also Ramsey distinguishing. We then close with a discussion of some interesting open problems in this area.
For a graph G = (V, E) and a set of vertices S ⊆ V , we will write G[S] to mean the graph with vertex set S and edge set {uv ∈ E : u, v ∈ S}. We will write G−S to mean G[V \S]. We denote by K r the complete graph on r vertices and write K r (n) for the complete r-partite graph with n vertices in each partite class. For graphs G and H we denote by G + H the graph consisting of a copy of G and a copy of H on disjoint vertex sets.
Preliminary lemmas and proof of Theorem 1
A k-uniform hypergraph is a hypergraph in which every hyperedge has size k. By a circuit of length s in a hypergraph H = (V, E) we mean a sequence of distinct vertices v 1 , . . . , v s ∈ V , and a sequence of distinct hyperedges e 1 , . . . , e s ∈ E such that v i , v i+1 ∈ e i for 1 ≤ i < s and v s , v 1 ∈ e s . Note that in particular we consider two distinct hyperedges intersecting in two vertices to give rise to a circuit of length two. By the girth of a hypergraph we mean the length of the shortest circuit in the hypergraph. The independence number of a hypergraph is the size of the largest set of its vertices which does not contain a hyperedge.
The following lemma was proved by Erdős and Hajnal in [6] .
Lemma 2. Let k, N ≥ 2 be integers and let > 0. Then there exists a k-uniform hypergraph H = (V, E) with girth greater than N and independence number less than |V |.
We will use such hypergraphs to construct graphs with desirable properties. The next lemma relates the girth of a hypergraph to the properties of small cycles in certain graphs constructed from that hypergraph. Lemma 3. Let N ≥ 2 be an integer and let H = (V, E) be a hypergraph of girth greater than N . Let G be a graph with vertex set V such that for distinct u, v ∈ V , u ∼ v in G only if u and v have a common hyperedge in E. Suppose there exists a cycle
Let e ∈ E be a hyperedge containing some edge of C. Then e contains every vertex of C.
Proof. Suppose for a contradiction that e does not contain every vertex of C. Without loss of generality, v 1 , v 2 ∈ e. Define hyperedges e i ∈ E for 1 ≤ i ≤ k by letting e 1 = e, by letting e i contain v i and v i+1 for 1 < i < k, and by letting e k contain v k and v 1 . Since e 1 does not contain every vertex of C, we can 'rotate' the labeling of vertices and hyperedges to assume that e 1 and e k are distinct. Define i 1 = 1 then recursively define i j for j ≥ 2 to be least such that e ij and e ij−1 are distinct, if such exists. Let J be the maximum j for which i j is defined. Note that e i J = e k .
There are two cases to consider. First, if the sequence e i1 , . . . , e i J contains a repeated entry, then let a, b ∈ {1, . . . , J} with a < b be such that e ia = e i b and the sequence e ia+1 , e ia+2 , . . . , e i b contains no repeated entry (note that b ≥ a + 2 so this list has at least two members). This sequence of hyperedges with vertices v ia+1 , . . . , v i b forms a circuit in H of length less than N , which is a contradiction.
In the other case, the sequence e i1 , . . . , e i J contains no repeated entry so with vertices v i1 , . . . , v i J forms a circuit in H of length at most N , which again is a contradiction.
We say that a graph G has property P (N, k 1 , k 2 ) if it has a red-blue edge colouring such that every red subgraph of G on N vertices or fewer is k 1 -vertex-colourable and every blue subgraph on N vertices or fewer is k 2 -vertex-colourable. We call such a colouring of G an (N, k 1 , k 2 )-good colouring.
The next lemma is based on a construction of Fox, Grinshpun, Liebenau, Person, and Szabó in [8] .
Lemma 5. Let G be a graph with at least two vertices, let > 0 and let N ≥ 2 be an integer. Then there exists a graph L(G, , N ) such that the subgraph of L induced by any set of at least |V (L)| of its vertices contains G as a subgraph, and moreover such that if G has property P (N, k 1 , k 2 ) for some k 1 , k 2 ∈ N then L has this property too.
Proof. Let H = (V, E) be a |V (G)|-uniform hypergraph with independence number less than |V | and girth greater than N . This exists by Lemma 2. Construct a graph L on vertex set V by placing a copy of G in each hyperedge in E. Then since H has independence number less than |V |, any set of at least |V | of its vertices contains some hyperedge, so the subgraph of L induced by these vertices contains a copy of G.
Suppose that G has property P (N, k 1 , k 2 ) for some k 1 , k 2 ∈ N. Colour the edges of L by colouring each of the copies of G with an (N, k 1 , k 2 )-good colouring. We claim that this is an (N,
Let H be a red subgraph of this colouring with N vertices or fewer. Suppose for a contradiction that H has chromatic number t > k 1 , and assume that H is minimal with this property. Note that H contains an edge and is not contained in any of the copies of G. Let G 0 be a copy of G in L which contains an edge of H. Let W 0 be the vertex set of G 0 . Let H 0 be a connected component of H[W 0 ] containing at least one edge. Let V 0 be the vertex set of H 0 .
Consider the connected components of H−V 0 , and label them H 1 , H 2 , . . . , H m with vertex sets V 1 , V 2 , . . . , V m respectively. By Lemma 3, any cycle in L of length at most N and containing an edge of H 0 must be contained in G 0 . Hence for every 1 ≤ i ≤ m, there exists at most one vertex in V 0 which has edges to H i . If such a vertex exists, then label it v i and define
Then either H 0 is t-chromatic, or H i is t-chromatic for some 1 ≤ i ≤ m. All of these graphs have fewer vertices than H which contradicts the minimality of H.
Therefore H is k 1 -colourable, and similarly any blue subgraph of this colouring with N vertices or fewer is k 2 -colourable.
Before proving Theorem 1 we finally state the following 'focussing lemma' proved in [8] .
Lemma 6. Let G be a complete bipartite graph with partite sets A and B. Consider a 2-edge-colouring of the edges of G. Then there exist subsets A ⊆ A and B ⊆ B with |A | ≥ |A|/2 and |B | ≥ |B|/2 |A| such that the complete bipartite graph with partite sets A and B is monochromatic.
We're now ready to prove Theorem 1.
Proof of Theorem 1. If χ(G) = 1 then the result is trivial so assume otherwise. Let M = |V (G)|, let N = |V (H)|, and let χ = χ(G). Note that M, N ≥ 2. We will construct a graph which is Ramsey for K χ (M ) (and hence for G), but which has property P (N, χ, χ) (and hence has a colouring without a monochromatic H).
We recursively define graphs F i for i ∈ N 0 . Let F 0 be the graph consisting of M independent vertices. For i ∈ N 0 , let L i be the graph L (F i , , N ) given by Lemma 5, where = 2 −2M . Then define F i+1 to consist of a copy of L i on vertex set B i+1 and a disjoint set A i+1 of 2M independent vertices, with A i+1 and B i+1 forming the partite sets of a complete bipartite graph (see Figure 1 ).
Claim. For all i ∈ N 0 and for all k 1 , k 2 ∈ N such that k 1 + k 2 = i + 2, F i has property P (N, k 1 , k 2 ). Moreover, for all i ∈ N 0 and for any 2-edge-colouring of F i there exist m 1 , m 2 ∈ N with m 1 + m 2 = i + 2 such that F i contains monochromatic copies of K m1 (M ) and K m2 (M ) in different colours.
We prove both parts of the claim by induction on i. For i = 0, trivially F 0 has property P (N, 1, 1) and any 2-edge-colouring of F 0 contains both a red and blue K 1 (M ). Now let i ∈ N 0 and consider F i+1 . Let k 1 , k 2 ∈ N with k 1 + k 2 = i + 3. Without loss of generality k 1 = 1, so F i has property P (N, k 1 − 1, k 2 ) by the induction hypothesis, and hence by construction L i has this property too. Consider a colouring of F i+1 in which we colour the copy of L i with an (N, k 1 − 1, k 2 )-good colouring and colour the complete bipartite graph joining A i+1 and B i+1 red. This is an (N, k 1 , k 2 )-good colouring of F i+1 as required.
Next consider a 2-edge-colouring of F i+1 . By Lemma 6 there exist subsets
| such that the complete bipartite graph between A i+1 and B i+1 is monochromatic. By the construction of L i , the subgraph of L i induced by B i+1 contains a copy of F i . Hence the 2-edge-colouring of F i+1 contains a copy of F i and a disjoint set of M independent vertices which form the partite sets of a monochromatic complete bipartite graph.
By the induction hypothesis there exist m 1 , m 2 ∈ N with m 1 +m 2 = i+2 such that this copy of F i contains monochromatic copies of K m 1 (M ) and Finally, consider F 2χ−3 . By the claim this has property P (N, χ, χ − 1) (and hence in particular property P (N, χ, χ)), and any 2-edge-colouring of it contains a monochromatic K χ (M ), as required.
Extensions and open problems
In this section we will give two further results which can be proved using a similar technique to that used on Theorem 1, and then highlight some interesting related open problems.
Generalisation to multiple colours
We first consider the natural generalisation of the notion of Ramsey equivalence to that of q-Ramsey equivalence for an integer q ≥ 2. A graph G is called q-Ramsey for H if every q-colouring of the edges of G contains a monochromatic copy of H, and we write this as G → (H) q . We say that H 1 and H 2 are qRamsey equivalent, or just q-equivalent, if for all graphs G, G → (H 1 ) q if and only if G → (H 2 ) q . The introduction of [5] provides a good summary of what is known about q-equivalence, and about the interplay between q-equivalence and r-equivalence for q = r.
In particular, in that paper it is shown that the graphs K 3 and K 3 + K 2 are q-equivalent for all q ≥ 3, but it is straightforward to see that K 6 is 2-Ramsey for K 3 but not for K 3 + K 2 (e.g. see [11] ). This implies that in general we cannot deduce anything about q-equivalence from non-2-equivalence for q ≥ 3. Hence the following theorem is not an immediate consequence of Theorem 1.
Theorem 7. Let G and H be graphs with χ(G) < χ(H), then for all integers q ≥ 2 there exists a graph F such that F → (G) q and F → (H) q .
We can prove this result by modifying the arguments of Section 2. For given q ≥ 2 and N, k 1 , . . . , k q ∈ N, we will say that graph G has property P q (N, k 1 , . . . , k q ) if it has an edge colouring in colours 1, . . . , q such that every monochromatic subgraph of G in colour i on N vertices or fewer is k i -vertexcolourable. Call such a colouring an (N, k 1 , . . . , k q ) q -good colouring of G. We can then generalise Lemma 5 by replacing 'P (N, k 1 , k 2 ) for some k 1 , k 2 ∈ N' in its statement by 'P q (N, k 1 , . . . , k q ) for some q ≥ 2 and k 1 , . . . , k q ∈ N'. This can be proved by a straightforward modification of the proof of Lemma 5 given above (indeed, the construction of the graph L need not be changed).
A straightforward generalisation of the proof of the focussing lemma in [8] gives the following: let G be a complete bipartite graph with partite sets A and B. Let q ≥ 2 be an integer and consider a q-edge-colouring of the edges of G. Then there exist subsets A ⊆ A and B ⊆ B with |A | ≥ |A|/q and |B | ≥ |B|/q |A| such that the complete bipartite graph with partite sets A and B is monochromatic.
Finally we modify the proof of Theorem 1. As before, if χ(G) = 1 then the result is trivial so assume otherwise. Define M = |V (G)|, N = |V (H)|, and χ = χ(G), noting that M, N ≥ 2. Define F 0 as before, then for i ∈ N 0 define L i to be the graph L (F i , , N ) given by the modified Lemma 5, where = q −qM . Define F i+1 to consist of a copy of L i on vertex set B i+1 and a disjoint set A i+1 of qM independent vertices with these two forming the partite sets of a complete bipartite graph.
We make the following modified claim: for all i ∈ N 0 and for all k 1 , . . . , k q ∈ N such that k 1 + . . . + k q = i + q, F i has property P q (N, k 1 , . . . , k q ). Moreover, for all i ∈ N 0 and for any q-edge-colouring of F i there exist m 1 , . . . , m q ∈ N with m 1 + . . . + m q = i + q such that F i contains monochromatic copies of K m1 (M ),. . . ,K mq (M ) in colours 1, . . . , q respectively.
This can be proved with a straightforward generalisation of the proof of the original claim. We finally consider F q(χ−2)+1 , which by the claim has property P q (N, χ, χ − 1, . . . , χ − 1) so is not q-Ramsey for H, but any q-edge-colouring of it contains a monochromatic K χ (M ) so it's q-Ramsey for G.
Another Ramsey distinguishing parameter
For an integer q ≥ 2 we describe a graph parameter s as being q-Ramsey distinguishing, or just q-distinguishing, if s(H 1 ) = s(H 2 ) implies that H 1 and H 2 are not q-equivalent. In [9, 10] Nešetřil and Rödl showed that for all q ≥ 2 and for all graphs H there exist graphs G 1 and G 2 with ω(G 1 ) = ω(H) and
Hence clique number and odd girth are q-distinguishing for all q ≥ 2. In Section 3.1 we showed that chromatic number is q-distinguishing for all q ≥ 2. Define a(G) to be the minimum number of vertices which can be given colour 1 in a proper vertex colouring of G in colours 1, . . . , χ(G). We can use a similar proof to show that a is q-distinguishing for all q ≥ 2.
Theorem 8. Let G and H be graphs with a(G) < a(H), then for all integers q ≥ 2, G and H are not q-Ramsey equivalent.
Indeed, let q ≥ 2 be an integer and note that by Theorem 7 we can assume that χ(G) = χ(H). If χ(G) = 1 then the result is trivial, so assume otherwise and define M = |V (G)|, N = |V (H)|, χ = χ(G) and = q −qM , then construct graphs F i for i ∈ N 0 as in Section 3.1.
Consider F q(χ−2) . We know that this has property P q (N, χ − 1, . . . , χ − 1) and every q-edge-colouring of it either contains a monochromatic K χ (M ) or monochromatic copies of K χ−1 (M ) in every colour. Let L = L(F q(χ−2) , q −q·a(G) , N ) from the modified Lemma 5 from Section 3.1, then define F to consist of a copy of L on vertex set B and a disjoint set A of q · a(G) independent vertices, with A and B forming the partite sets of a complete bipartite graph.
Then F → (G) q because by the modified focussing lemma from Section 3.1, any q-edge-colouring of F contains a copy of F q(χ−2) and a disjoint set of a(G) independent vertices which form the partite sets of a monochromatic complete bipartite graph. Either this copy of F q(χ−2) contains a monochromatic copy of K χ (M ) (and hence a monochromatic copy of G) or it contains monochromatic copies of K χ−1 (M ) in every colour, which with the monochromatic complete bipartite graph to the set of a(G) independent vertices gives a monochromatic copy of G.
We now show F → (H) q by giving a q-edge-colouring of F not containing a monochromatic copy of H. Colour the copy of L in F with an (N, χ − 1, . . . , χ − 1) q -good colouring (such a colouring exists by the construction of L). Partition A into q sets S 1 , . . . , S q each containing a(G) vertices, then colour the edges of F containing a vertex in S i with colour i for each 1 ≤ i ≤ q. Suppose this colouring contains some monochromatic copy of H, say on vertex set V . Colour the vertices of this copy of H by colouring the vertices in V ∩ B with a proper (χ − 1)-colouring in colours 2, . . . , χ and colouring the vertices in V ∩ A with colour 1. This gives a proper χ-vertex-colouring of H in which at most a(G) < a(H) vertices receive colour 1, which is a contradiction.
Related open problems
In this paper we have found two new Ramsey distinguishing parameters. It is natural to start with the following question, asked by Axenovich, Rollin, and Ueckerdt in [1] . Question 1. Do there exist other graph parameters which are Ramsey distinguishing?
As mentioned in the introduction, the next question is one of the most fundamental concerning Ramsey equivalence. It was first posed in [8] .
Question 2. Do there exist two non-isomorphic connected graphs which are Ramsey equivalent?
The results in this paper add to a body of evidence for a negative answer to Question 2. Using Ramsey distinguishing parameters we know that any pair of graphs H 1 and H 2 that are Ramsey equivalent must have the same clique number, chromatic number, odd girth and minimal partite set size. A graph G is called Ramsey isolated if G ∼ H for all connected graphs H which are not isomorphic to G. It is known that every clique [8] , every path, every star, and every connected graph on at most five vertices (all [1] ) is Ramsey isolated. Furthermore, it was shown by Clemens, Liebenau, and Reding in [5] that no pair of non-isomorphic 3-connected graphs are Ramsey equivalent.
In light of Theorem 1 we can identify some new families of Ramsey isolated graphs. In [1] it was shown that if a connected graph G satisfies (i) there exists an independent set S ⊆ V (G) such that ω(G − S) < ω(G), and (ii) there exists a proper χ(G)-vertex-colouring of G in which the subgraph induced on some two colour classes is a matching, then any connected graph H which is Ramsey equivalent to G but is not isomorphic to G satisfies χ(H) < χ(G). They also observe that the same is true if we replace the clique number by the negative of odd girth in (i). Call this modified version of the condition (i)'.
Combining these results with Theorem 1 we have that any connected graph G satisfying (ii) and either (i) or (i)' is Ramsey isolated. In particular this implies that every odd cycle is Ramsey isolated.
Finally, Theorems 7 and 8 support positive answers to the following two questions posed in [5] concerning the interplay between 2-and 3-equivalence.
Question 3. (a) If graphs H 1 and H 2 are 2-equivalent, must they also be 3-equivalent?
(b) If connected graphs H 1 and H 2 are 3-equivalent, must they also be 2-equivalent?
It was shown in [5] that for non-negative integers a, b, q, and r where q, r ≥ 2, if H 1 and H 2 are q-and r-equivalent then they are (aq + br)-equivalent. Thus a positive answer to Question 3(a) would imply that if two graphs are 2-equivalent, then they are q-equivalent for all q ≥ 2.
